ABSTRACT. Let A be a closed operator on the Banach space X. We construct an operator, R^(A), depending on the parameter, X, and having the following properties:
(X-A)R'xiA) = I+Fv R¡ÍA)iX-A) =I+F2
where F. and F, are bounded finite rank operators. RAA) is defined and analytic in X for all ' X e ♦ . except for at most a countable set containing no accumulation point in*^.
Let o-AA) be the complement of +., and let f e â (A), where 0^,(4) denotes the set of complex valued functions which are analytic on crJA) and at (oo). We then use the operator, R \(A), to construct an operational calculus for A. f(A) is defined up to addition by a compact operator. We prove for our operational calculus analogues of the theorems for the classical operational calculus.
We then extend a theorem of Kato by using the operator, R^(A), to construct an analytic basis for N(A -X).
J. Introduction. In 
/3(A), the codimension of RÍA) in Y, is finite.
We denote the set of Fredholm operators from X to X by <t(X).
define /(A) by /(A) = (l/2zrz) J+B(D) f(X)BxdX where D is a suitable domain and
Bx is a quasi-inverse of (A -A). However, Bx, if chosen arbitrarily, is not analytic.
In §2 we show how Bx can be chosen so that B^ is analytic in A throughout
•ÏXA) except for at most a countable set of points having no accumulation point in
$.(A).
We shall refer to our choice of Bx as R^iA). We call R\iA) a quasi-resolvent operator. Although R\(A) can be chosen in different ways, any two choices of R\iA) differ by at most a bounded finite rank operator. In Theorem 7 we show that any two members of AiA) can differ by at most a compact operator. This compact operator turns out to be the limit of finite rank operators. It should be pointed out here that all the compact operators mentioned in the theorems of this paper turn out to be limits of finite rank operators. We then define /(A) to be an arbitrary member of AiA).
In Theorems 8 and 9 we show that if a and j8 are complex numbers, and /, g £ Cf (A), then a/(A) + ßgiA) = (a/ + ßg)A +KX and /(A) • giA) = (/ ' g)A + K2, where K and K2 ate compact operators. These compact operators can be computed directly.
In Theorem 10 we show that if /(A) = 1, then /(A) = / + K, K £ K(X). We then define f*(A) to be an arbitrary member of J" (A). We then prove analogues of the above theorems for /*(A).
Theorem 11 shows that if A is bounded and / £ U^(A), then /*(A) = /(A).
We wish to point out here that if A isa bounded operator one can construct an operational calculus in the following way. Let 2 be the quotient algebra L(X)//C(X). aiU) = aiU*) = {A : |A| < 1|; a^iU*) = {A : |A| = 1|,
where E is the orthogonal projection onto [e.], the space spanned by e . Let p(a) = (a-y2)ix + y2), píu*) = iu*-y2)iu* + y2).
We shall construct an operator B such that BPiU*) = /+ K, K e.K(X).
Let fiX) = 1/(A -l/2) (A + y2). fiX) is analytic on o^iA) but not on aiA). We define
where Cj is the circle |A| = 3/4 oriented clockwise, and C is the circle |A| = 2 oriented counterclockwise.
2m Jcx (A _ y2)ix + V2)
1 dp where ft = l/A, and C2 = ¡ft: [/x| = l/2\.
Since the integrand is analytic in fz on C, and on the enclosed region, the above integral is equal to zero. Therefore, B = /(fJ*)= U2il-U2/4)~l 
We then prove the following ^-spectrum mapping theorem.
We use Theorem 1 to help prove the following theorem.
In §5 we use our analytic quasi-resolvent operator to extend a theorem of In each section theorems are numbered according to the order in which they (1) the domain, DÍA), of A is dense in X.
(2) a(A) = dim [NÍA)] < oo.
(3) RÍA), the range of A, is closed in Y.
(4) /3(A), the codimension of RÍA) in Y, is finite. We see from (1.1) and (2.1) that T . is a quasi-inverse of (A. 
Therefore, L. -L2 =L .F 7 -F AL 2 which is a bounded finite rank operator.
Q.E.D.
Since T . is bounded, R\iA) is analytic in A when A £<5(A) except for those points, v, such that -l/(v -A.) £ oiT.). We denote this set of exceptional points by *°(A). Proof. ( (1) fftU)cA(/), 
where D is an unbounded Cauchy domain such that Then there are at most a finite number of points of $ (A) z'tz CÍD), the complement of D.
Proof. The lemma follows from the compactness of CÍD) and Theorem 5. 
where D and D are bounded Cauchy domains with the following properties:
(1) D and D" are contained in $., ( R
We also have that • 
By Lemma 7.4, il/2m)f+B(D) R'xÍA)dX = Kv K, e K(X). Therefore,
Lemma 7.8. Lez / £ Cu^A), az2zi /eZ D, azzo" D 2 be unbounded Cauchy domains
Proof. By Lemma 7. Proof. The first part of the theorem is obvious and the second part follows from Theorem 7.
Theorem 9. Let /(A) and giX) be in (f (A). Then /(A) • giA) = (/ . g)ÍA) + K, K £ Kíx). if ■ g) is defined by (/ • g)(A) = /(A) • g(A).
Once the curve of integration is chosen and the choice of RxiA) is made, the compact operatot, K, oí this theorem can be computed directly. . (
Let ¿(A) = (a -A)-". By Lemma 1.5, there exists a X £ K(X) such that ¿(A) + K is a quasi-inverse of (a -A)".
By Lemma 1.2, R¿(A) can be chosen so that (a -AYÍR^ÍA)]' = I + K'. ,
We shall refer to this choice of R'aÍA) as [R'aiA)\n. As shown in the proof of Lemma 1.5, 3K £ K(X) such that
By Theorem 9, §2 3/CQ e K(X) such that for all x £DiA").
Proof. The following formula will be proven by induction.
(
where E is a bounded finite rank operator which depends on ?z, a, A, and
F0 is a bounded finite rank operator. •'• by Lemma 1.1 of §3,
Therefore, by (3) we get (4) G^>Id(A) = «¿UM«-A) + K9|D04), K9 eK(X),
by ( . " . fifi) e ^[/U)I.
We will now show that /(oo) e ff#L/ ( 
